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, Abstract 

Mixed boundary value problems for the Navier-Stokes system in a polyhedral domain are consid- 
^SJ ' ered. Different boundary conditions (in particular, Dirichlet, Neumann, slip conditions) are prescribed 

CNj ' on the faces of the polyhedron. The authors obtain regularity results for weak solutions in weighted 

(and non-weighted) Lp Sobolev and Holder spaces. 

^ ' Keywords: Navier-Stokes system, nonsmooth domains 

' 

o 

^ ; Introduction 



O 



X 



MSG (1991): 35J25, 35J55, 35Q30 



Steady-state flows of incompressible viscous Newtonian fluids are modeled by the Navier-Stokes equations 

-vAu+{u-\/)u + yp = f, V-u = g (0.1) 



for the velocity u and the pressure p. For this system, one can consider different boundary conditions. For 
example on solid walls, we have the Dirichlet condition u = 0. On other parts of the boundary (an artificial 
boundary such as the exit of a channel, or a free surface) a no-friction condition (Neumann condition) 
2i'e{u) n — pn = may be useful. Here e{u) denotes the matrix with the components ^{dx^Uj + d^jUi), 
and n is the outward normal. Note that the Neumann problem naturally appears in the theory of 
hydrodynamic potentials (see [12]). It is also of interest to consider boundary conditions containing 
I components of the velocity and of the friction. Frequently used combinations are the normal component 
of the velocity and the tangential component of the friction (slip condition for uncovered fluid surfaces) 
or the tangential component of the velocity and the normal component of the friction (condition for 
in/out-stream surfaces). 

In the present paper, we consider mixed boundary value problems for the system (0.1) in a three- 
dimensional domain Q of polyhedral type, where components of the velocity and/or the friction are given 
on the boundary. To be more precise, we have one of the following boundary conditions on each face Fj : 

(i) u ^ h, 

(u) Ur ^h, -p + 2e„^„(u) = (j), 

(in) Un = h, Sn.riu) = 0, 

(iv) -pn + 2sniu) = 0, 

where Un — u-n denotes the normal and = u — u„n the tangential component of u, Sn{u) is the vector 
e{u)n, Sn,n{u) is the normal component and £„,r(w) the tangential component of e„(u). 

Weak solutions, i.e. variational solutions {u,p) G W^'^{G)^ x L2{G), always exist if the data are 
sufficiently small. In the case when the boundary conditions (ii) and (iv) disappear, such solutions exist 
for arbitrary / (see the books by Ladyzhenskaya [12], Temam [25], Girault and Raviart [5]). Our goal is 
to prove regularity assertions for weak solutions. As is well-known, the local regularity result 



{u,p) e W^-' X w^-^'' 



is valid outside an arbitrarily small neighborhood of the edges and vertices if the data are sufficiently 
smooth. Here W^'^ denotes the Sobolev space of functions which belong to Lg together with all derivatives 
up to order /. The same result holds for the Holder space C''*^. Since solutions of elliptic boundary value 
problems in general have singularities near singular boundary points, the result cannot be globally true 
in Q without any restrictions on / and s. Here we give a few particular regularity results which are 
consequences of more general theorems proved in the present paper. Suppose that the data belong to 
corresponding Sobolev or Holder spaces and satisfy certain compatibility conditions on the edges. Then 
the following smoothness of the weak solution is guaranteed and is the best possible. 

• If {u,p) is a solution of the Dirichlet problem in an arbitrary polyhedron or a solution of the 
Neumann problem in an arbitrary Lipschitz graph polyhedron, then 

{U,p) e H^2,4/3+e(^)3 ^ ^l,4/3+e(^^^ 

u e C^'iGf. 

Here e is a positive number depending on the domain Q. 

• If {u, p) is a solution of the Dirichlet problem in a convex polyhedron, then 

{u,p) e W^^^gf X Lg{g) for aU s, 1 < s < oo, 
{u,p) e W^'^+'iGf X W^'^+%g), 
{u,p) e C'^iGf X C°'%g). 

• If {u,p) is a solution of the mixed problem in an arbitrary polyhedron with the Dirichlet and 
Neumann boundary condition prescribed arbitrarily on different faces, then 

• Let {u,p) be a solution of the mixed boundary value problem with slip condition (iii) on one face 
Fi and Dirichlet condition on the other faces. Then 

iu,p) e w^^^+'{gf X Ls+,{g) if e < In, 

iu,p) G W^-^^+%gf X W^-^^+%g) if g is convex and < 7r/2, 
{u,p) G C^^'igf X C°''{g) if g is convex and 9 < 7r/2, 

where is the maximal angle between Fi and the adjoining faces. 

General facts of such a kind imply various precise regularity statements for special domains. Let us 
consider for example the flow outside a regular polyhedron G. On the boundary of G, the Dirichlet 
condition is prescribed. Then wo obtain (u.p) G W'^"'^ x IF^'* on every bounded subdomain of the 
complement of G, where the best possible value for s is (with all digits shown correct) 




s = 1.4335... for a regular dodecahedron, 



s = 1.5248... for a regular icosahedron 





In the last decades, numerous papers appeared which treat boundary value problems for elliptic 
equations and systems in piecewise smooth domains. For the stationary linear Stokes system see e.g. the 
references in the book [10]. The properties of solutions of the Dirichlet problem to the nonlinear Navier- 
Stokes system in 2-dimensional polygonal domains were studied in papers by Kondrat'ev [8], Kellogg and 
Osborn [7], Kalex [6], Orlt and Sandig [21]. In particular, Kellogg and Osborn proved that the solution 
of the Dirichlet problem belongs to W^'^(5)^ x W^''^{G) if / € L2{G) and the polygon Q is convex. Kalex, 
Orlt and Sandig considered solutions of mixed boundary value problems in polygonal domains. Mixed 
boundary value problems with boundary conditions (i) and (iii) in 3-dimensional domains with smooth 
non-intersecting edges were handled by Solonnikov [23], Maz'ya, Plamenevskii and Stupyalis [14]. They 
proved in particular the solvability in weighted Sobolev and Holder spaces. For the case of the Dirichlet 
problem and a polyhedral domain, solvability and regularity results in weighted Sobolev and Holder 
spaces were proved by Maz'ya and Plamenevskii [13]. Concerning regularity results in L2 Sobolev spaces, 
we refer also to the papers of Nicaise [20] (Dirichlet problem) , Ebmeyer and Frehse [4] (mixed problem 
with boundary conditions (i) and (iii)). Ebmeyer and Frehse proved that {u,p) G W^'^{G)^ x W''~^''^{Q) 
with arbitrary real s < 3/2 if the angle at the edge, where the boundary conditions change, is less than 
n. Finally, we mention the papers by Deuring and von Wahl [2] , Dindos and Mitrea [3] dealing with the 
Navier-Stokes system in Lipschitz domains. 

The present paper consists of four sections. Section 1 concerns the existence of weak solutions in 
W^'^{G)^ X L^iG)- In Section 2, we introduce and study weighted Sobolev and Holder space. Here the 
weights are powers of the distances pj and r^, to the vertices and edges of the domain G, respectively. In 
particular, we establish imbedding theorems for these spaces. In contrast to the papers [13, 14, 23], we 
use weighted spaces with "nonhomogeneous" norms. The weighted Sobolev space ly^'^(tj) in our paper 
is defined as the set of all functions u in ^ such that 



for all \a\ < I, where p = minj pj. The norm in the weighted Holder space Cp'^g{G) has a similar structure. 
The use of weighted spaces with nonhomogeneous norms has several advantages. First, these spaces are 
applicable to a wider class of boundary value problems. For /3 = and ^ = they are closely related 
to the nonwcightcd spaces. Furthermore in some cases (e.g. the Dirichlet problem when the edge angles 
are less than tt), it is possible to obtain higher regularity results when considering solutions in weighted 
spaces with nonhomogeneous norms. So we can partially improve the results in [13, 14, 23]. The main 
results of the paper arc contained in Section 3. For the proofs, we use results of our previous papers 
[18, 19], where we studied mixed boundary value problems for the linear Stokes system. We show in 
particular that the weak solution {u,p) belongs to the weighted space W^lliGf X W^'liG) if the data 
are from corresponding spaces, satisfy certain compatibility conditions, and the numbers | — /3j — f and 
2 — 5k — ^ are positive and sufHciently small. The precise conditions on (3 and 6 are given in terms of 
eigenvalues of certain operator pencils. The general results in Section 3 together with estimates for the 
eigenvalue of these pencils (see [10]) allow us in particular to deduce regularity assertions in nonweighted 
Sobolev and Holder spaces. A number of examples is given at the end of Section 3. 

The last section concerns the solvability in the space W^'g{G)^ x Wp'g{G)j where s may be less than 
2. Here, we assume that the Dirichlet condition is given on at least one of the adjoining faces of every 
edge Mk- One of our results is the following. Let G be an arbitrary polyhedron. Then the problem (0.1) 
with g = and Dirichlet condition w = on the boundary has a weak solution {u,p) G W^'''{G)^ x Ls{G) 
for arbitrary / G W~^''' (G)^ , 3/2 < s < 3, provided the norm of / is sufBciently small. The same result 
holds for the mixed problem with boundary condition (i)-(iii) if we suppose that the angles at the edges 
where the boundary conditions change are less or equal to 37r/2. 




1 Weak solutions of the boundary value problem 

1.1 The domain 

In the following, let T) be the dihedron 

{a; = {xi, X2,xz)&m.^ : < r < oo, -61/2 < < 6/2, x^ e K}, (1.1) 

where r, </? arc the polar coordinates in the (xi, a;2)-planc, r — (xf + a;|)^/^, tanip ~ X2/X1. Furthermore, 
let /C = {x e K"^ : x/\x\ G il} be a polyhedral cone with plane faces Fi, . . . , Fat and edges M\, . . . , Mm- 
The bounded domain C M'^ is said to be a domain of polyhedral type if 

(i) the boundary dQ consists of smooth (of class C°°) open two-dimensional manifolds Fj (the faces of 
Q), j = 1, . . . ,N , smooth curves Mfc (the edges), k = 1, . . . , m, and vertices a;^^) , . . . , a;^''^ , 

(ii) for every ^ G Mk there exist a neighborhood Zij and a diffeomorphism (a C°° mapping) which 
maps Q r\U(^ onto I?^ fl -Bi, where is a dihedron of the form (1.1) and B\ is the unit ball, 

(iii) for every vertex x^^^ there exist a neighborhood Uj and a diffeomorphism Kj mapping Q fl lAj onto 

ICj n Bi, where tCj is a polyhedral cone with vertex at the origin. 

The set Mi U • • • U U {x^^\ . . . , a;^'')} of the singular boundary points is denoted by S. 

1.2 Formulation of the problem 

For every face T j, j = 1, . . . ,N , let a number dj G {0, 1, 2, 3} be given. We consider the boundary value 
problem 

3 

-uAu + ^Ujd^.u + Vp = f, -V-u = g in (1.2) 
SjU = hj, Nj(u,p) = on Fj, j = 1, . . . , N, (1-3) 

where 

{U if dj =0, ( —P + ^VEnnU if dj = 1, 

Ut if dj = 1, Nj{u,p) = < Enriu) if rfj =2, 

u„ if dj = 2, [ — + 2ven{u) if rfj = 3. 

By a weak solution of the problem (1.2), (1.3), we mean a vector function {u,p) G W^'^{Q)^ x L2{G) 
satisfying 

3 



(1.4) 



b{u, v) + Uj — — ■ vdx — / pV ■ V dx = F{v) for all G F, 

j^i "^j Jg 

—V ■ u = g inQ, SjU = hj on Tj, j = 1, . . . ,N, (1.5) 
where V = {u€ W^'^iGf : Sju\r^ = 0, j = 1, . . . ,N}, 



3 

h{u,v) = 2v i Si j{u) Si j{v) dx, (1.6) 

F{v) = I U + ^9)-vdx + y^ I 4>3 -vdx. (1.7) 
Jg ^ Jr, 

[ Ou 

Note that for arbitrary u G W^'^{G)^, the functional v ^ Uj — — - vdx is continuous on W^'^{G)^- 

Jg oXj 

This follows from the inequality 

/ "J^'^'^^ < ll^jlU4(5) ll^x,w|U2(S)3 l|w|U4(5)=* 

Jg oXj 

and the continuity of the imbedding W^''^{Q) C L^iyQ). 



1.3 Existence of solutions of the linearized problem 

We consider the weak solution of the boundary value problem for the Stokes system 

-z/Au + Vp = /, V-u = g ing, (1.8) 
i.e. a vector function {u,p) G W^''^{g)^ x L2{g) satisfying 

b{u,v)- pV ■vdx = F{v) foTallvGV, (1.9) 
Jg 

-V ■u = g ing, Sju = hj onTj, j = 1, . . . , N, (1.10) 
where F is given by (1.7). For the proof of the following theorem, we refer to [18, Th.5.1]. 

Theorem 1.1 Let g G L2{g) and hj G W-'-^^'^{Tj)^~'^i be such that there exists a vector function v G 
W^''^{g)^, SjV = hj on Tj, j = 1, . . . , N. In the case when dj G {0, 2} for all j, we assume in addition 
that 

/ gdx+ ^ / hj-ndx+ ^ / hjdx = Q. (1.11) 

Furthermore, let the functional F gV* satisfy the condition 

F{v)=0 forallvGLv, (1.12) 

where Ly denotes the set of all v G V such that Sij{v) = for i,j = 1, 2, 3. Then there exists a solution 
{u,p) G W^''^{g)^ X L2{g) of the problem (1.9), (1.10). Here p is uniquely determined if dj G {1,3} for 
at least one j and unique up to constants if dj G {0,2} for all j. The vector function u is unique up to 

elements from, Ly ■ 

Note that Ly contains only functions of the form v = c + Ax, where c is a constant vector and A is a 
constant matrix, A = —A* (rigid body motions). In particular, V ■ v = fov v G Ly- In most cases (e.g. 
if the Dirichlet condition is given on at least one face Tj), the set Ly contains only the function v = 0. 

1.4 Existence of solutions of the nonlinear problem 

Let the operator Q be defined by 

Qu = (u • V) u. 

Obviously, Q realizes a mapping W^''^{g) V*. Furthermore, there exist constants ci,C2 such that 

IIQullv* <c||u||^i,2(g)3 for allueW^^^iG), (1.13) 
\\Qu-Qv\\y, < c (||m||vi/i. 2(5)3 + ||u||Tvi,2(g)3) ||u - ulli^i, 2(0)3 for all u,v G W^'^{g)^ . (1.14) 

Using the last two estimates together with Theorem 1.1, we can prove the following statement. 
Theorem 1.2 Let g and hj be as in Theorem 1.1. Furthermore, we suppose that Ly = {0} and 

N 

WFWv* + hh^iQ) + X] ll^jiUi/2,2(r,.)3-<i,- 
i=i 

is sufficiently small. Then there exists a solution {u,p) G W^'^{g)^ x L2{g) of the problem (1.4), (1.5). 
Here, u is unique on the set of all functions with norm less than a certain positive e, p is unique if 
dj G {1,3} for at least one j, otherwise p is unique up to a constant. 



Proof. Let G W^'^{g)^ x L2{g) be the solution of the linear problem (1.9), (1.10). By 

our assumptions on F, g and hj, we may assume that 

l|w*°^llw'i.2(a)3 < £i, 

where £\ is a small positive number. Let Vb denote the set of all u S such that V • u = 0. We 
put w = u — u^^^ and q = p — Then {u,p) is a solution of the problem (1.4), (1.5) if and only if 
{w,q) e Vb X L2{Q) and 

b{w,v)- qV-vdx = - Q{w + u^°^)-vdx for ah -y e K (1.15) 
Jg Jg 

By Theorem 1.1, there is a linear and continuous mapping 

V*3^^A^ = {w, q)GVoX L2{g) 

defined by 

6(w, v) — / qV ■ V dx = <^{v) for allveV, qdx = Oii dj e {0, 2} for all j. 
Jg Jg 

We write (1.15) as 

{w, q) = T{w, q), where T{w, q) - -AQ{'w + u(°)). 

Due to (1.14), the operator T is contractive on the set of all (w, (?) G Vq x L2{G) with norm < £2 if £1 
and £2 are sufficiently small. Hence there exist w G W^''^{g)^ and q G L2{Q) satisfying (1.15). The result 
follows. □ 



Remark 1.1 If dj G {0, 2} for ah j, then 

/» 3 p. 

/ ^u,-^-vdx = Q for all G W^''^{gf, u G V, V • m = (1.16) 

(sec [5, Le.IV.2.2]). Thus, analogously to [5, Th.IV.2.3] (see also [24]), the problem (1.4), (1.5) hast at 
least one solution for arbitrary F G V* , g = 0, hj G W^^'^''^{Tj)^~'^^ satisfying (1.11). 



2 Weighted Sobolev and Holder spaces 

Here, we introduce weighted Sobolev and Holder spaces in polyhedral domains and prove imbeddings for 
these spaces which will be used in the next section. We start with the case of a polyhedral cone. 



2.1 Weighted Sobolev spaces in a cone 

Let JC = {x gM.^ : x/\x\ G il} be a polyhedral cone in whose boundary consists of plane faces Tj and 
edges Mk, j,k = 1, . . . ,N. We denote by p{x) = \x\ the distance of x to the vertex of the cone, by rk{x) 
the distance to the edge M)., and by r{x) the distance to the set <S = Mi U • • • U U {0}. Note that 
there exist positive constants ci, C2 such that 

AT , . 

ci r{x) < pix) TT < C2 rix) for all x G /C. (2.1) 

fc=i ^(^) 

Let I be a nonnegative integer, /3 G R, 5 = (^i, . . . , ^jv) G M.^ , and 1 < s < 00. We define V^'^(/C) as the 
closure of the set Cq" (/C\<S) with respect to the norm 



(/ i:^*-"'°''n(?)*"*'V>i''^)"'- 



\a\<l k=l 



The weighted Sobolev space W^''^(/C), where Sk > —2/s for fc = 1, . . . , iV, is defined as the closure of the 
set C^(/C) with respect to the norm 

l/s 



'"^\a\<l fe=l 



|a| 

If (5 is a real number, then by Vpg(IC) and Wp^g{IC), wc mean the above introduced spaces with = 
■ ■ ■ = 5n = S. For the proof of the following lemma wc refer to [16, Le.l]. 

Lemma 2.1 Letl<s<t< oo, l-3/s > I'-i/t, /3-/ + 3/,s = (i'-l' + 'i/t, anddk-l + 3/s < S'^-l' + S/t 
for k = 1, . . . , N . Then ^^'^(/C) is continuously imbedded into V^,'^/(/C). 

In particular, we have C V^/;l,{IC) iovl>V, [3-1 = /?' - V &nd 5k -I < 5'^-l' , k = I, . . . ,N . 

If in addition 6k > —2/s and (5^ > —2/s for k = 1, . . . ,N, then also 

C <'>(/C). 

The spaces ^^^^(A:) and W^^'^g{]C) coincide if ^fe > / - 2/s for all k (see [18]). 

Lemma 2.2 Let 1 < s < t < oo and I - 3/s > max(4,0) - 3/t. Then Wj^^g{IC) C W^:!j+3/^_3/( g{IC) 
and 

IIp^-'+'/^-'/*«IIl.(;c)<c||H|^^,.(;c) (2-2) 

for all u e W^^'^(^) a constant c independent of u. Furthermore, for arbitrary u G W^^'^(^); 

I — 3/s > max(5fe,0), i/ie following inequality is valid. 

\\P^-'^'^'uh^iK)<c\\u\\^,..^^^^ (2.3) 

Proof. Let u € W^'^(/C), and let Cfe be infinitely differentiable functions with support in {x : 2^^"^ < 
|x| < 2*^+1} such that 

|a«a(a;)| <c2-'=l«l forfc</, Cfc = 1- 

fc— — oo 

We define 11(0;) = u(2'^x) and ?7fe(a;) — Cfe(2'^x). Then 77^(2;) vanishes for |a;| < 1/2 and |a;| > 2. Therefore 
for I' = 1 — max(5fc, 0), we have 

(see [22, Th.3]). This inequality together with the continuity of the imbedding C Lt implies 

< c||77feu||^^i,3(;c)' 
where c is independent of u and k. Using the equalities 

hkvWuiK.) = 2-3fc/* ||a«||L,(yc) and ||r7fcz;||^^.e(^) = 2-'=('5-0-3'=/« lia«||v^<.(^) , 

we obtain 
Consequently, 

i/t / , \i/t 



This proves (2.2). The proof of (2.3) proceeds analogously. □ 



Lemma 2.3 Let u e W^ff^{]C), and let j be an integer, j > 1. Then there exist functions v e V^'si^) 
and w G W^^'^''^_|_j(/C) such that u = v + w and 



Proof. Let (k be the same functions as in the proof of Lemma 2.2, and let u be an arbitrary 

l,s , 



function from Wg''^{IC). Obviously, the function u^, defined by Uki^) — Cki'^'^ x) u{2^ x) belongs also to 



WffgilC) and vanishes for \x\ < 1/2 and |a;| > 2. Consequently by [15, Le.1.3] (for integer P + 2/s see [22, 

Th.5]), there exist functions Vk G ^'^C^) and Wk € Wj^'^^j'^s+ji^) ^^^^ supports in {a; : 1/4 < |a;| < 4} 
such that Uk = Vk + Wk and 

where c is independent of u and k. Let Vk{x) = Vk{'2.~^x) and Wk{x) = Wk{2^''x). Then the supports of 
Vk and Wk are contained in {x : 2*°^^ < |a;| < 2^^+^}, and we have (^^u = v^. + for all k. Moreover, 

Let V = X^^^oc Vk and w = Y^k^'-oo ''^k- Then u = v + w. Since Vk and Vm have disjoint supports for 
\k — m\ > 4, we have v e V^'^(/C) and 

k k 

Analogously, the norm of w in H^^^j'^_(_j(/C) can be estimated by the norm of u in H^^'^(/C). The lemma 
is proved. □ 

2.2 Weighted Holder spaces in a polyhedral cone 

Let / be a nonnegative integer, /3 G M., S — {Si, . . . , Sn) G R^, and a E (0, 1). We define the weighted 
Holder space A^i''^(/C) as the set of all I times continuously differentiable functions on jC\S with finite 



norm 



+ E, f^P.l^rlU^j ^ u— -■ (2-4) 

Furthermore, the space Cp'^g{JC) is defined for nonnnegative 5k, k = 1, . . . , N, as the set of all I times 
continuously differentiable functions on IC\S with finite norm 



N 

— ST^ t,,,^ i^i/3-'-'^+l" 

IC^--(/C) 



|c<|<;'^^'^ fc=i 

+ V V sup im\^>^^1^&L 



+ E -p N^n(¥^)'^'^""^r^"?'^'^ (2-5) 



\x-y\<r{x}/2 ^ 



where ICk = {x € K, : rk{x) < 3r(x)/2}, Ok = [6k — f] + 1, [s] denotes the greatest integer less or equal to 
s. The trace spaces for Mp"^{lC) and C^''^(/C) on Tj are denoted by A/'^'^(rj) and C^^^iVj), respectively. 

Obviously, Af^^'^gilC) is a subset of C^' ^(/C). It 5k > I + a fov k = 1, . . . ,N, then both spaces coincide. 
Furthermore, the following imbedding holds (and is continuous, see [19]). 

^^'^(/C) C AAp^;(/C) ifl + a>l' + a', p - I - a = p' - I' - a' , Sk - I - a < S'k - I' - a' . 



If in addition Sk and S'^. are nonnegative, then C^''^(/C) is continuously imbedded into C^/'^, (/C). Next, 



we prove a relation between the spaces Vi'^ and 



Lemma 2.4 Suppose that I — 3/s > I' + cr, P — I + 3/s ~ P' — I' ~ a and 6k — I + 3/s < 6'j^ — I' — a for 
k = 1, . . . , N . Then V^'^(/C) is continuously imbedded into jV^/^,(/C). 

Proof. It suffices to prove the lemma ior 5k — I + 3 / s = 6'/, — I' — a , k = 1, . . . , N. Let u G V^'^(/C). 
For an arbitrary point x Cz JC, we denote by the set {x' G /C : |a; — a;'| < r(a;)/2}. Note that 

|a;|/2< Ix'l <3|x|/2, rk{x)/2 < rk{x') < 3rk{x)/2, r{x)/2 <r{x') <3r{x)/2 iov x' € B^. (2.6) 

First, let r(x) = 1. From the continuity of the imbedding W^'"{Bx) C C^'''^{Bx) it follows that there 
exists a constant c independent of u and x such that 

\{d"u){x)\ < c ||u||vj/!,s(B^) for \a\ < I', 
\{d°n)(x) - id°'u){x')\ 



< c for |a| = / , a; G B^ ■ 



Due to (2.1) and (2.6), this implies 



< c for lal < /' 



JJ(!:^)^''|(9««)(a;)| <c ^ ||rl^l-'p'5 
and analogously 

Now let a; be an arbitrary point in /C and x' G B^. We put y = x/r{x), y' = x'/r{x). Then r{y) = 1 and 
y' G By. Consequently, the function v{^) = u{r{x)$,) satisfies the inequalities 



for \a\ < I' and 

ivf n c-^f ""'•"t'-'^r""'" ^ 

for |a| = /'. Here, the constant c is independent of w, a; and x'. Using (2.1), we obtain the inequalities 
|3,p-l+|„|+3/. Yl (IlM)'>-'+l°l+>/'|(£p„)(3,)| < c||„||j,,,.,^| for lol < I', 

fe 

The result follows. □ 



Corollary 2.1 Let u £ Wj^^^ilC), l>3/s. Then 

/-^+3/«]-[ (2.7) 

k ^ 

where ak = for 6k < I — 3/s, ak = 1/s + £ for I — 3/s < Sk < I — 2/s, and ak = Sk — I + 3/s for 
5k > I — 2/s (s is an arbitrarily small positive number). 

Proof. Let Vfe be a smooth function on the unit sphere such that tpk = Sj^k in a neighborhood 
of the points S'^ PI Mj for j = 1, . . . ,m. We extend Vfc to M^\{0} by i>k{x) = V'fc(a;/|a;|). Then ijjku € 
W^''^^(/C). Obviously, it suffices to prove (2.7) for the function ipkU- If 5^ < I — 3/s, then by Lemma 
2.2, p^-'+^/^i/ifcU e LooilC). Ii6k>l- 2/s, then W^^j^{IC) = V^'jJJC). By Lemma 2.4, the last space is 
imbedded into A/'^^;_|_^_,_3^j, 5j._;_)-cr+3/s(^) arbitrary a < I — 3/ s. Therefore in particular, 

P^-'+'/^HC-J^Y'-'^'^'^kueL^iK:). 

k ^ 

For I — 3/s < 5k < I — 2/s, the assertion follows from the imbedding W^'^^ (/C) C M^^';_2/s+£(^)- '-' 



2.3 Weighted Sobolev and Holder spaces in a bounded polyhedral domain 

Let 5 be a domain of polyhedral type (sec Section 1.1) with faces Fi, . . . , Ftv, edges Mi, . . . , Mm and 
vertices x'^^^ . . . ,x^'^K We denote the distance of x to the edge Mk by rk{x), the distance to the vertex 
by Pj{x), the distance to <S (the set of all edge points and vertices) by r{x), and the distance to the 
set X = {x^^'' , ■ ■ ■ , .T*^'^'} by p{x). For arbitrary integer I > 0, real .s > 1 and real tuples /? = (/?i, . . . , /3d), 
5 = {5i, . . . , 5m), we define Vg'^(S) and W^'^(5) as the weighted Sobolev spaces with the norms 



E np'""-'*'""n(^)*""'°"ia?.i-<ix)"", 



^ |a|<; j=l k=l ^ 



0^ d m 



1/s 



|c<|<i j=l fc=l 



respectively. In the case of the space W^'^(C/), we suppose that 5k > —2/s for k = l,...,m. The 

corresponding trace spaces on the faces Tj are denoted by V^^^^*'*(rj) and w'jfj^^^'^ {Tj), respectively. 

Furthermore, let V^l'^{Q) denote the dual space of V^'^ _^{Q), s' = s/{s — 1), with respect to the L2 
scalar product. 

Lemma 2.5 Let 1 < t < s < 00, (ij + 3/s < fi'^ + 3/t for j = 1, . . . , d, and 5k + 2/s < 5'^ + 2/t for 
k = l,...,N. Then V^'liQ) C V^fg,{g) and W^^^g{g) C W^'/^/(5)- These imbeddings are continuous. 

Proof. Let q = st/ {s — t). By Holder's inequality, 

II n^f n & oy ^^^^^ < c II n^f n (7)'^ 



j k j k 



where 

^= II n^^'" 11(7)'^"' 

j k ^ 



< 00 



if p'j - Pj > -3/q and 5',^ - 5k > -2/q. This proves the imbedding W^^^g{g) C w'^lyiG). Analogously 



the imbedding V^]'g{g) C V^*s,{g) holds. □ 
The following result can be directly deduced from Lemma 2.1. 



Lemma 2.6 Let I < s < t < oo, I - 3/s > I' - 3/t, Pj - I + 3/s < - /' + 3/t for j ^ l,...,d, and 
Sk — I + 'i/s < S'f. — I' + 3/t for k = 1, . . . , m. Then V^'^(S) is continuously imbedded into V^,'y{Q). 

Corollary 2.2 Let I < s < t < oo, 3/ s < 1 + 3/t, (ij + 3/s < + 1 + 3/t for j = l,...,d, and 
Sk + 3/s < S'l^ + 1 + 3/t for k = l,...,N. Then V^'g{G) is continuously imbedded into V^^y{Q). 

Proof. According to Lemma 2.6, we have V_^j|, _g,{G) C V^'^ _g{Q), where s' = s/{s — 1), 
t' = t/{t - 1). The result follows. ' ' □ 

Let us further note that (as in the case of a cone) 

W},%g) C Wp^'s'iO) if I > I', Pj-l<P'j- I', Sk-l<5i- I', 6k > -2/s, 6'k > -2/s 

ioi j = I, . . . ,d, k = 1, . . . ,m,. li Sk > I — 2/s for /c = 1, . . . , m, then V^'g{Q) = W^''^(t/). 

Wc introduce the following weighted Holder spaces in the domain Q. The space A^^'^(^) is defined as 
the set all I times continuously differentiable functions on g\S with finite norm 

\a\<l "^^^ j=l k=l ' 



k-y|<r(x)/2^.^^ fe=l '^V-^'' 1-^ y\ 



Suppose that 5fe > for A; = 1, . . . , m. Then C^''^(C/), is defined as the set of all I times continuously 
diflferentiable functions on ^\<S with finite norm 



\a\<l i=l fc=l '^^ 

N-!/|</3(a:)/2 

E ^^p IIpj(^) ' U 



i=l fc: au<l |a|=i-a, ^1 



|x-j/|<r(x)/2^i^i V p(a;) J \x - y\'^ 

where Qj^k = {x & Q : Pj{x) < 3p{x)/2, rk{x) < 3r(a;)/2} and ak = [5k — (t] + 1. The trace space on Tj 

for C^-,'.5(^) is denoted by C^'^'^(rj). 

Analogously to the case when the domain is a cone, we have 

AA^;5(/C) C Arp_^;(/C) iil + a>l' + a', (3j - I - a < f3'j - I' - a' , 5k - I - a < 6'^ - I' - a' 

for j = 1, . . . , d, fc = 1, . . . , m. If in addition 5k and 5'^^ are nonnegative, then C^'|^(^) C Cpfg,{Q). 
Furthermore, it follows from Lemma 2.4 that 

V^0%Q) C (^) if ^ - 3/s > Z' + (7, I3j-l + 3/s < f3'j - I' - a, 5k - I + 3/s < 5'k - I' - a 

for j = 1, . . . , rf, fc = 1, . . . , m. 

We introduce the following notation. If /3 G R'^, 5 e M" and s,t G M, then by A/'/;+^ ,5+t(5) and 

C'i3lg^g_^_t{Q), we mean the spaces J\fpfg,{g) and C'j,%-,(t?) with = + s, . . . , /3d + s), 5' = {5i + 

t, . . . ,5m + t). Analogous notation will be used for the weighted Sobolev spaces V^'g and VF^'^. 

The next lemma follows immediately from the definition of the space J^jj'^si^)- 



Lemma 2.7 If f e Afj^^.iG) and g e AT^'^X^), then fg e 

Finally, we define C^^g'^iG) as the space of all distributions of the form 

3 

f = fo + Yl fj ' ^liere /o e (5) and e (5), j = 1, 2, 3. (2.8) 

i=i 

Note that every / e C~^''^(5), i.e. every distribution of the form 

3 

f = fo + Yl ^^^"^^ ^ C^^G), j = 0, 1, 2, 3, (2.9) 

belongs to Cq^q '^(S)- Indeed, let Xfe be infinitely differentiable cut-off functions equal to one near x^''^ 
and to zero near the vertices x^''\ I ^ k. Then the distribution (2.9) can be written as 

3 d 3 d 

f = Fo + ^d,,Fj, where Fo(a;) = /o(a:)-^^/,(a;W)a,,Xfc(a;), F,(a;) = /,(a;)-^Xfe(a;)/i(x(*')), 

j=l k=l j = l k=l 

j = 1,2,3. Here, Fq e C^^^iG) C C°l^{G), and from Fj e C^'^iG), Fj{x^'''>) = it follows that 
^;eCo%"(e)forj = 1,2,3. 

3 Regularity results for weak solutions 

In this section, we establish regularity results for weak solutions in weighted Sobolev and Holder spaces. 
The regularity assertions are formulated in terms of eigenvalues of operator pencils generated by the 
boundary value problem at the edge points and vertices of the domain. 

3.1 Operator pencils generated by the boundary value problem 

We introduce the operator pencils generated by the problem (1.2), (1.3) for the edge points and vertices 
of the domain G- 

1) Let ^ be a point on an edge Mk, and let rfc^,rfe_ be the faces of G adjacent to ^. Then by 
we denote the dihedron which is bounded by the half-planes F^^ tangent to F^^ at ^ and the edge 
~ ^fe+ ^ ^fe_ • '^^^ angle between the half- planes F^^ is denoted by 6^. Furthermore, let r, (p be polar 
coordinates in the plane perpendicular to such that 

Tl^={xGR^: r>0, ^ = ±0^/2}. 
Then we define the operator ^{(A) as follows: 

where u{x) = r^U{ip), p{x) = r^~^P{ip), A G C. The operator Aj(A) depends quadratically on the 
parameter A and realizes a continuous mapping 

for every A S C, where 7j denotes the interval {—9^/2, +6^/2). The spectrum of the pencil ^{(A) consists 
of eigenvalues with finite geometric and algebraic multiplicities. These eigenvalues are zeros of certain 
transcendental functions (see [17]). For example, in the cases dk^ = dk_ = (Dirichlet conditions on 
Tk_^) and dk^ = dk_ = 3 (Neumann conditions on Tk±), the spectrum of ^^(A) consists of the solutions 
of the equation 

sin(A6l5) (A^ sin^ 6'{ - sin2(A6'{)) = 0, 



A 7^ for dk^ = dk_ = 0. 

Let Ai(^) be the eigenvalue with smallest positive real part of this pencil, and let A2(^) be the 
eigenvalue with smallest real part greater than 1. We define 

— / R-e A2(0 if c^fc+ + dk_ is even and 6^ < n/mk, 
^^^^ ~ \ ReXiiO else, 

where ruk = 1 if dk^ + dk_ € {0, 6}, ruk = 2 if dk^ + dk_ S {2, 4}. Finally, let 

Ilk = inf ni^). (3.1) 

Note that in the case of even dk^ + dk_ , the number A = 1 belongs always to the spectrum of the pencil 
A^{X). 

2) Let x'^^^ be a vertex of Q and let Ij be the set of all indices k such that x^^^ G Tk- By our 
assumptions, there exist a neighborhood U of x^^^ and a diffeomorphism k mapping Q (lU onto /Cj fl Bi 
and TkOU onto n Bi for k <E Ij, where ICj — {x : x/\x\ E flj} is a polyhedral cone with vertex 
and = {x : x/\x\ € 7^} are the faces of this cone. Without loss of generality, we may assume that 
the Jacobian matrix k'{x) is equal to the identity matrix I at the point x^^h We introduce spherical 
coordinates p= a; = a;/|a;| in /Cj and define 

Vn, ={ue W^'\fljf : Sku = on 7^, k e /,}. 

On the space Vq. x i2(%), we define the bilinear form aj{-, •; A) as 

3 

l<|x|<2 

where U = p^u{w), V = p~'^~^v{uj), P = Q = p~'^~^q{u)), u,v € Vq., p,q € L2{0.j), and 

A e C. This bilinear form generates the linear and continuous operator 

2t,(A) : Fa, x L^i^l^) ^ V^. x L^iQj) 

by 

The operator 2tj(A) depends quadratically on the complex parameter A. The spectrum of the pencil 
2lj (A) consists of isolated points, eigenvalues with finite geometric and algebraic multiplicities. 

3.2 Regularity assertions for weak solutions of the lineeirized problem 

The following two theorems are proved in [18]. 

Theorem 3.1 Let {u,p) € W^'^{G)^ x L2{G) be a solution of the problem (1.9), (1.10). Suppose that the 
following conditions are satisfied. 

(i) FeV*n V^-j'%gr, g e L^iG) n <'|(a), hj e W'/^'^Tj) n <//^'^(F,-), 

(ii) there are no eigenvalues of the pencils 2lj(A), j = l,...,d in the closed strip between the lines 
ReA = -1/2 and ReA = 1 - j3j - 3/s, 

(iii) the components of 6 satisfy the inequalities max(l — jik, 0) < 5^ + 2/s < 1. 
Then u e W^fsiQf and p G W°'I{G)- 

Theorem 3.2 Let {u,p) e W^''^{QY x L2{Q) be a solution of the problem (1.9), (1.10). Suppose that 



(i) g e Wl^lig), hj e Wlg^^"''{rjf-'^^, and FeV* has the representation (1.7) with f € W^j(e)^ 

(ii) there are no eigenvalues of the pencils 2tj(A), j = l,...,d, in the closed strip between the lines 
ReA = -1/2 and ReA = 2 - /3j - 3/s, 

(iii) the components of S satisfy the inequalities max(2 — fik,0) < 6k + 2/ s < 2, 

(iv) g, hj and (pj are such that there exist w € W^'^{g)^ and q € VV^'^{g) satisfying 

SjW = hj, Nj{w,q)=(f>j onTj, j = l,...,n, V ■ w + g eV^^g{g). 

Then u e W^j'}{g)^ and p G W^/g{g). 

For the proof of the following two regularity assertions in weighted Holder spaces, we refer to [19]. 

Theorem 3.3 Let {u,p) G W^''^{g)^ x L2{g) be a weak solution of the problem (1.8), (1.3). Suppose that 

(i) / e C^yiQf, 9 e C°'J(a), hj e C^'J(r,f -'^^ e C°'J(r,)''^ 

(ii) pj — a < 3/2 for j = 1,. . . ,d, and the strip — 1/2 < Re A < 1 + cr — /Jj is free of eigenvalues of the 
pencils 2tj(A), j = 1,. . . ,d, 

(iii) the components of 6 are nonnegative and satisfy the inequalities 1 — Hk < 6k — cr < 1, 6k o, 

(iv) g, hj and (pj are such that there exist w e C'^'J(^)^ and q € C'^'J(^) satisfying 

SjW = hj, Nj{w, q) =(pj onTj, j = l,...,n, V ■w + g e A/'^;^ (^)- 

Then («,p)eC^';(a)^xC°';(a). 

Note that under the conditions of Theorem 3.3 on (3 and 6, there are the imbeddings C^^''^{g)^ C V*, 

c°'j(a) c L2ig), and c^'j(r,) c wy^'^g). 

Theorem 3.4 Let {u,p) G W^''^{g)^ x L2{g) be a weak solution of the problem (1.8), (1.3). Suppose that 

(i) / e .9 e cl^^siQ), e c^;?(r,f 0, e c^-(^,r^ 

(ii) /3j — (T < 5/2 /or j = 1, . . . , d, the strip — 1/2 < Re A < 2 + cr — /3j is free of eigenvalues the pencil 

a,(A), j = i,...,d, 

(iii) the components of 6 are nonnegative, satisfy the inequalities 2 — fik < 6k — o < 2, 6k ^ c , and 
6k^l + u, 

(iv) g, hj and <j)j are such that there exist w e C^'^(^)^ and q e C^'^(^) satisfying 

SjW = hj, Nj{w, q) =(pj onTj, j = l,...,n, V -w+g e Ay^^'J (5)- 

Then («,p)eC|';(a)^xC7^';(a). 

Remark 3.1 For the validity of condition (iv) in Theorems 3.2-3.4 it is necessary and sufficient that the 
functions hj and their derivatives, (pj and g satisfy certain compatibility conditions on the edges of the 
domain g (see [18, 19]). 



3.3 Regularity results for solutions of the nonlinear problem in weighted 
Sobolev spaces 

Our goal is to extend the results of Theorems 3.1-3.4 to the nonlinear problem (1.2), (1.3). We start 
with regularity results in weighted Sobolev spaces. 

Lemma 3.1 Let u G Le{g) n W^f^i^)' « > ^/^' ^ /^i " 1/2 forj^l,..., d, and 5'^.>5k- 1/2. Then 
ud,,ueV^,l^f{g) fori = 1,2,3. ' 

Proof. Let g = 6s/(s + 6). By Holders inequality, 

\\ud^^u\\yo.jf^g^ < \\u\\Le{g) \\da^M\v°-j{g)- 

Furthermore by Corollary 2.2, the space V^'JiG) is continuously imbedded into VgT ^f (a) H P'j > Pj - 1/2 
and 5^ > 4 - 1/2. The result follows. ' ' □ 

Theorem 3.5 Let {u,p) e W^^'^iGf x L2{g) be a solution of the problem (1.4), (1.5). We suppose that 
s > 6/5 and that the conditions (i)-(iii) of Theorem 3.1 are satisfied. Then u G W^'l{g)^ andp G Wp'l{Q). 

Proof. 1) First, let s < 3. From uj G VK^'^j-g) (- i^(^g-^ ^nd d^^^u e L2{gf it follows that 
UjdxjU G L^i2{Q)^. This together with Corollary 2.2 implies (it • V) u G i-3/s(^)'^- Heiice, {u,p) 

is a solution of the problem 

h{u, v)- / py ■vdx = ^{v) for all v&V, (3.2) 
Jg 

—V ■ u = g inQ, SjU = hj on Fj, j = 1, . . . , N, (3.3) 

where 

$ = F - (w • V)w G V^,y{gf, I3'j = max(/3j, 1 - 3/s), S'^ = max(5fc, 1 - 3/s). 

From Theorem 3.1 we conclude that {u,p) G W^fg,{g)^ x Wp^y{G). Then by Lemma 3.1, we have 
(u • V) w G V^,^y2 5'-i/2(^)^ ^^'^ therefore, 

F-{u-V)u€ V^,}p {gf, where (3'! = ma^{l3j ,1/2 -3/s), 5'1 = max(5fe , 1/2 - 3/s) . 

Consequently, Theorem 3.1 implies {u,p) G W^n ^„{g)^ x W^lf ^„{g). Repeating the last consideration, 
we obtain {u,p) G W^';|(e?)^ x Wf liG). 

2) Next, let 3 < s < 6. Then by Lemma 2.5, V^^^'^G) C V^^f{g), W°;|(a) C Wl^^^.iG), and 

Wl';^^'''''{Tj) C WlC^fiTj), where /3j = /3 + 3/s - 1 + £, 5^ = 4 + 2/s - 2/3 + e, e is an arbitrarily small 

positive number. For sufficiently small s, we conclude from part 1) that u G W^'i^^i{Q)^ ■ By Holders 
inequality, 

Il%^x,w|lvv0;2^,(g)3 < ||wj|U6(a) \\9xM\w°/^^,(gr 

Due to Corollary 2.2, Wpf'g.ig) C Vi^l'\Q) if £ < 1/3. Therefore, {u,p) is a solution of the problem (3.2), 
(3.3), where $ = F - (u • V) u G ¥^^^{0)^. Using Theorem 3.1, we obtain {u,p) G Wl'l{g f x W^;^^?). 

3) Finally let s > 6. Then again by Lemma 2.5, Vj^y{g) C V^,]^?{g), W^^g) C Wlf^,{g), and 
W^/3,5^^''^(rj) C ^/3M'^(rj)' where I3'j = 13 + 3/s - 1/2 + e, 5^ = 4 + 2/s - 1/3 + e, £ is an arbitrarily 
small positive number. For sufficiently small e, we conclude from part 2) that u G Wpf^,{g)^. Since 
u G L(i{gf, it follows that (u • V)« G W^;f5/(e')^. The last space is embedded to V^y{gf if £ < 1/3 
(see Corollary 2.2). Therefore, {u,p) is a solution of the problem (3.2), (3.3), where $ G Vp l'^{g)'^. 
Applying Theorem 3.1, we obtain {u,p) G W^;|(^?)^ x W^;|(C?). □ 

For the proof of the analogous regularity result, we need the following lemma. 



Lemma 3.2 Let u e W^j(^^) n W^'^{g), I < s < (3j + 3/s < 5/2, 5k + 2/s > 0. Then uVu € 



V0-i/2,S'(S? for every 5', 5'^>5k- 1/2, 5'^ + 2/s > 0. 

Proof. 1) Suppose that 4 + 2/s > 1 for fc = 1, . . . , m. Then by Lemma 2.6, Vu G W^^j{g)^ = 

'/3,5V!^-' ^ ^/3-l/2, (5-1/2 



'^/BjiSf C Vg°i*i/2.5_i/2(^)^' 9 = 6s/(6 - s). From this, from the assumption u € W^''^{g) C ^6(5) and 
from Holder's inequahty it follows that u Vm G ^/3-i/2, 5-1/2 



2) We consider the case when < 5h + 2/s < 1 for all k. Then u admits the decomposition 

u = v + w, ve V^'JiG), w G ^•^+2,5+2(5)- 



From Lemma 2.2 it follows that 



l[pf-'^'/'VweLss{gr, Upf-'^'^'weL^iG), l[pf-'/'+'/'w€Le{g). (3.4) 



Since /3j — 5/2 + 3/2 < 0, we have in particular w G Lq{Q) and therefore also v G Lq{Q). We estimate the 
norms of vVu and wVu in V^i*i/2 (5-i/2(^)'^- -'^^^ 1 ~ ^^1 ~ Using Holder's inequality and Lemma 
2.6, we obtain 



|t;Vw||,,o,s 



By Lemma 2.6, the space V^'J{Q) is continuously imbedded into l^l''2+i/s 5-2+i/s(^)' Consequently. 



0,3s/2 



\vVw\\ 



^ II II II TT 3/2-l/s 77 /T'fc\3/2-l/s 

'^/3-2 + l/a,5-2 + l/s>.^/ II O 



1/2,5-1/2 



< c u 



/3j-l+2/s V7 
' ' WW 



Thus, we have vVu G ^l*i/2 5-i/2(^)^ ^ ^-1/2 5'^^)^' Furthermore, using the continuity of the imbed- 
ding W^fs iO) C Wgy^.s/.,^, {G) , we obtain 



jwVwIlyO.a (g)3 < 

3-1/2,5' 



I3j -2+3/ s 



W 



Loo{Q) 



j k ^ 



< c 



/3j-2+3/s 



W 



Loo(S) 



This proves the lemma for the case Sk + 2/s<l, k=l,...,m. 

3) The case when 6k + 2/s < 1 for some but not all k can be reduced to cases 1) and 2) using suitable 
cut-off functions. □ 



Theorem 3.6 Let {u,p) G W^''^{gf x L2{g) be a solution of the problem (1.4), (1.5). We assume that 
the conditions (i)-(iv) of Theorem 3.2 are satisfied and that f3j + 3/s < 5/2 for j = l,...,d. Then 
^^WlfsiGf andpGW}f,{g). 



Proof. 1) Let first 1< s < 3/2. We put q = 3s/(3 - 2s) if s < 3/2, g = 00 if s = 3/2. Since 

j k 



L,(g) 



we obtain (m • V) u € W^fg,{g)^ if > -3/q and 6^ > -2/q or, what is the same, if (3'j + 3/s > 2 for 
j = l,...,N,6'f, + 2/s> 4/3 for k=l,...,m. Let = max(/3j-,2-3/s + c), (5^ = max(4,4/3- 2/s + £), 
where £ is a sufficiently small positive number. Then (u, p) is a solution of the problem 

-vAu + Vp = f, -V ■u = g mg (3.5) 
SjU = hj, Nj{u,p) = on Tj, j = 1, . . . ,N, (3.6) 

where /' = /-(«• V)n e W^J^iQf, g G W;f,,{g), hj G W;rJ/'''{rj) and G W^-J/^'^Tj). 
Consequently by Theorem 3.2, we have {u,p) G W0fy{g)^ x W^',^y{g). Applying Lemma 3.2, we obtain 

/' € W^;f g„ (g)^, where P'J = max(/3j, 3/2 - 3/s + e) and S'^ = max(4, 5/6-2/s + e). Hence, Theorem 
3.2 imphes {u,p) G W^^lf g„{g)^ x W^,f^„(^). Repeating this procedure, we obtain {u,p) G W^'|(5)"^ x 

2) Next, we consider the case 3/2 < s < 2. Let e be a positive number less than 1/2 such that 
Sk + 2/s < 2 - e for all k. Then by Lemma 2.5, Wj^^gig) C W^+3/^_2+£,2/3-e(^)' P^"^* 1) 

23/2 Q 13/2 

follows that {u,p) G W^^3^^_2_,_^ 2/3-e(^) ^/3+3/s-2+£ 2/3-e(^) ^ Sufficiently small. In particular. 



(see Lemma 2.6). Let d'j, — max(Sk, 5/3 — 2/s) for fc = 1, . . . , m. Then 



3 



where 

2-3/s-£ TT/?'/s\*fc-2/3+e 



^3(5)3 



j k 



< 00. 



Consequently, /' = / - (u • V) u G ^^°.^/(e^)^ and Theorem 3.2 implies {u,p) e VK|j,(g)3 x Wlig,{g). 
Using Lemma 3.2, we obtain {u,p) G W^'g{g)^ x W^'g{g) analogously to the first part of the proof. 

3) Let 2 < s < 3, and let £ be a positive number less than 1/2 such that 6k + 2/s < 2 — £ for 
all k. Then by Lemma 2.5, W^'^(S) C W^'^3^g_3^2+£ i-eC^)- Therefore by part 2), we have {u,p) G 
^|+3/s-3/2+£ i-e(^^^ ^ ^/3+3/s-3/2+£ i-eC^) Provided £ is sufiiciently small. Consequently, 

d..U G W^;;V,_3/2+,,i_,(a)^ = V^;^3/.-3/2+M-.(^)' C VSts/s-3/2+e,l-siSf- 

Let 5^ = max((5fc , 5/3 — 2/s) for fc = 1 , . . . , m. Then 



where 

j k ^ 



< 00. 

-C-Ss/tS-sjCS) 



Thus, we have f = f-{u-W)uG W°'|,(a)^ and {u,p) G W|'|,(a)^ x W^''g,{g) (by Theorem 3.2). Using 
again Lemma 3.2, we obtain {u,p) G W^'Jig)^ x W^j(tJ). 

4) Finally, let s > 3. We define S'j. = max((5ft, 1 — 2/s + e), where £ is a sufficiently small positive 
number. Then we have 

9 G w;:ug) c w',-,^s,_,{g), h, e w;j/-'{T,r''^ c w;-_i!sU^,r'^. 

Furthermore, the functional (1.7) belongs to Vp];{^g,_j^{g)'^ . Since max(l — fik,0) < (5jJ. — 1 + 2/s < 1 it 



follows from Theorem 3.5 that u G Wl'^-^ s'-ii^)^- Then by Corollary 2.1, 



l[pf-^+'/^l[CJiy^uGL^{gf, 

j k ^ 



where ak = for 5k < 2 — 3/s, ak = 1/s + £ for 2 — 3/s < Sk < 2 — 2/s. By Holder's inequality, we have 



j k ^ j k 

j k ^ °° 

For the last inequaUty, we used the fact that /3— 1 < 2 — 3/s and (5^ — 1 < Sk — (7k- Hence, {u,p) is 
a solution of the problem (3.2), (3.3), where $ = F — (u • V) u is a functional of the form (1.7) with 
/ e W^'^iQ), 4>j e Wl~^^'''\gYi. Applying Theorem 3.2, we obtain u G W|'|(a)^ and p G W^fgiQ). □ 

3.4 Regularity results in weighted Holder spaces 

In order to extend the results of Theorems 3.3 and 3.4 to problem (1.2), (1.3), we consider first the 
nonlinear term in the Navier-Stokes system. 

Lemma 3.3 Let u € C^'giG), where (3j < 3 + ct for j = 1, . . . , d, Q < 5k < 2 + cr, 5k — <y is not an integer 
for k = 1, . . . ,m. Then udx^u € C°'^,(tJ) for every 5' such that 5'^. > max(0,(5fc — 1), fc = 1, . . . ,m. 



Proof. Wc have to show that there exists a constant C such that 

/ rk max((5^ — <T,0) 

j k 



n^i(-)'^"^ n cjr''''^-'''' Hx)d.A^)\ < c, (3.7) 



Hp^^^P HCj^Y'^ H^)9.M^)-^p)9yMy)\ ^ c io.\x-y\<r{x)/2 (3.8) 

j k 



and 



(,),.-.^ ,,,S',<a, x,yeg,,k, k-.|<P.(.)/2. (3.9) 

F-yr " 

Here Qj^k = {x G Q : Pj{x) < 3p{x)/2, rk{x) < 3r(a;)/2}. Inequality (3.7) follows immediately from the 
estimates 

UpAxf^-'-^^^-^ n (^)-^^(^''-^-^+l"l'°^ \d^u{x)\ < for |a| < 2 (3.10) 



k 



and the inequalities pj — a < 3, 5'k> 5k — 1. Furthermore for |a; — y| < r{x)/2, we have 

M^fiM< |,_,|l-^|V.(. + .(,-.))| <CK.)-^ UP.ixr-'^ ^(^^-.a.(..-.-.0) 



and analogously 



\dxiU{x) - dy,u{y)\ 



<Cr(x)l- Ylpjixy-f'^ -Q^rfe(x2^-max(^,-.,0) 



Hence, 



\x - yi" y Y- pi^) 



\u{x)dxMx) - u{y)dyMy)\ ^ \u{x)-u{y)\ „.,^m , \dxMx) - dv.u{y)\ i..,..,, 
\x-y\- - \x~y\- \u(y)\ 

< Cr(x)^"'^ '[\.Pj{xf^^''~'^'^' ^-J-j- ^rfc(x)^-2max(5fc-l-fT,0) _^ ^rfc(x)_^ - max(5fc-CT,0) ^ 



for |a; — y| < r{x)/2. From this estimate and from the inequalities 

3 k 

+ 1 — cr > 2 max((5fc — cr— 1,0),(5|^ + 1 — C7> max((5/s — cr, 0) , and jSj — a < 3, we obtain (3.8) . Analogously, 
we obtain the estimate 

Pji^f'-''" '"^""^ ~ \d.M^)\ < C for S',<a,x,yG g^,k, \x - y\ < Pi{x)/2. 
Since dxiU{x) € C^'siS) C d^'y+ii^)' there exists a constant C such that 

\d.Mx) - dyMy)\ < c < a, e g,,,, \x-y\< p,{x)/2. 

F — 2/1 ^ 

This together with (3.10) implies 



p^^^f.-si dyMy)\ ^ ^ S',<a,x,y€ 0,,^, \x - y\ < p,{x)/2. 

\x — y\ 



Thus, estimate (3.9) holds. The proof is complete. □ 

Theorem 3.7 Let {u,p) e W^'^{g)'^ x L2{Q) he a weak solution of the problem (1.2), (1.3), and let the 
conditions (i)-(iv) of Theorem 3.4 are satisfied. Then u € C^'giG)^ and p e C^'g{G)- 

Proof. Suppose first that 5^ > cr for fc = 1, . . . , m. Let e be an arbitrarily small positive number 

and s an arbitrary real number greater than 1. We put (3^ =f3j— a — 3/s + e for j = 1,. .. ,N and 
S'l^ = 5h — <7 — 2 / s + e . From our assumptions on f,g, hj and it follows that 

Using Theorem 3.6, we obtain u e Wp^g,{g)^. Consequently, 

for i.j = 1,2,3, where S'j^ = max(5fc — a — 1, 0) — 2/s + e for A; = 1, . . . , m. This together with Holder's 

inequality implies 

Uj d^^u G Wlp\^„_^j^^^{gf, Uj d^.d^^u G Wlp\^,_^j^^^{gf, {dx.Uj) d^^u G W^'^J^^^-iQ? ■ 

Therefore, Uj dx^u G W^p^^ s'~2/s+e^^^'^ ■ "^^^ numbers e and s can be chosen such that /3j— c < 3— 2e for 
j = 1, . . . ,d, 4-0- > 2/sfor = 1,. ..,m, e+l/s < 1/2, and 1-6/s > a. Then 2/3^-2 < Pj-a+l-Q/s, 
5'^. — 2/s + e<(5fc — cr + 1 — 6/s, and Sk — cr + 1 — 6/s > 1 — 4/s. Consequently, 

UJ dx,u G W^;it+,_6/„,_,+,_6/,(a)^ = l^;i;/^,_e/„,_.+,_e/,(a)^ C N^.lUGf 

(see Lemma 2.4). Hence, {u,p) is a solution of the problem (3.5), (3.6), where f = f—{u-'V)u € C^'gig)^- 
Applying Theorem 3.4, we obtain (u,p) G Cj'^siGf x dp^siG)- 

Suppose now that S'f^ < a for at least one k. By the first part of the proof, we obtain u G C^'^(5)^, 
where = vaax{6k,(J + e), e is an arbitrarily small positive real number. Then Lemma 3.3 implies 
/' = / - (w . V)w G C^'J(^?)^ and from Theorem 3.4 it follows that {u,p) G C^'J(e?)^ x C^'J(^?). The 
proof is complete. □ 

Finally, we prove the analogous C^'J-regularity result. 



Theorem 3.8 Let {u,p) G W^'^{G)^ x L2{Q) be a weak solution of the problem (1.2), (1.3). Suppose that 



conditions (i)-(iv) of Theorem 3.3 are satisfied. Then u e CbliGY and p G C5'J(C/). 



Proof. 1) Let first 4 > o" for A: = 1, . . . , m. Then g € W^fg,{g) and hj € W^^;^/'''(^J■)^"''^ where 
(3j — f3j — a—3/s+e, = (5^ — cr— 2/s+e, e is an arbitrarily mall positive number, and s > 1. Furthermore, 
the functional (1.7) belongs to V^'^^f{gf. Using Theorem 3.5, we obtain {u,p) e W^',^y{gf x W^^yiGf. 
We consider the term 

3 3 3 

(u • V) M = ^ (uju) - ^ u dxjUj = ^ (uju) + gu. 
j=i j=i j=i 

Prom the inclusions w, e l^^/'li _2/s+e(^)' ^xk'^i ^ W^;3''5'(^) it follows that 

u,u e w^iy\,,_2/«+.(e)^ c w^;if+,_6/,,,_<.+i_6/,(e)^ = v;i;/+i_6/«,,_.+i_6/«(e)' c 

if e is sufficiently small and s is sufficiently large (see Lemma 2.4). Furthermore, from g e J^'^{Q), 
and Lemma 2.7 it follows that 

gn e <^^_i+,_,,,+,+,/,(a) c ^fi,,+i(a). 

Consequently, we have (m • V) zt G C'^/ "^(5)^) and Theorem 3.3 implies (m,p) S (^^'^(S)^ x C'^'a (^)- 

2) Suppose that 5k < cf for some k. By the first part of the proof, we have {u,p) € C^^'Z/iQ)^ x C'^'^^(^), 
where 7^ = max((5fc,(T + e) for A: = 1, . . . , m, e is an arbitrarily small positive number. In particular, 
Uj G J^'-i jiG), dxjU G M'^''^{QY, and therefore (by Lemma 2.7) 

The last space is contained in N^'^i g_^-^^{f3)^ for sufficiently small s. Applying Theorem 3.3, we obtain 
(«,p)GC7^';(a)^xC°'J(a). ' □ 

3.5 Necessity of the conditions on (3 and 6 

Let Aj be the eigenvalue of the pencil 2lj(A) with smallest real part > —1/2. We show that the inequalities 

/?j+3/s>2-ReAj, Sk + 2/s>2- i^k (3.11) 

in Theorem 3.6 cannot be weakened. 

We assume first that + 3/s < 2 — Re Aj for some j and that 5 satisfies the second condition of 
(3.11). By our assumptions on the domain, there exist a neighborhood Uj of x^^^ and a diffeomorphism 
K mapping g DUj onto the intersection of a cone Kj with the unit ball such that k!{x'^^^) = I. In the new 
coordinates y = k{x), the Navier-Stokes system takes the form 

where aij{0) = —i/5ij. Here by k' we mean the matrix K'{K~^{y)). We consider the functions 

u = ay) l2/l^^- Hy/\y\), p = Ciy) \y\^'-' *(y/l2/l), 

where ($, "if) is an eigenvector of the pencil 2lj(A) corresponding to the eigenvalue A^ and C is a smooth cut- 
off function equal to one near the origin. The eigenvector ($, ^) belongs to the space VF^'*(f2j)^ x W^'*{Qj) 



with arbitrary t and 7 satisfying max(2 — /x/c, 0) < 7^ + 2/t < 2. Here, W"^'*(Oj) is the closure of the set 
C°°(%) with respect to the norm 

Mwnn,) = ( / E \d^u{x)\Uxy\ 

I. \a\<l k 
\/2<\x\<2 

where u is extended by u{x) = u{x/\x\) to ICj. In particular, $ e Loo{^jY and ^^s^^ G ^s'^i^jY fo^' 
fc = 1, 2, 3. Since is an eigenvector, the vector function \y\^^ is a solution 

of the linear Stokes system with zero right-hand sides. From this and from the equalities fi;'(x(^^) = / 
and a,j(0) = ~l'5^^J, it follows that / G Wlf^iK-jf and g G Wl'l^{JC,) if /3j + 3/s > 1 - RcAj, 

/3j + 3/s > 1 — 2ReAj-. Analogously, the corresponding boundary data are from W^^r^^''* and W^^^^'^, 
respectively. However, u ^ W^'^g^lCj)'^ for Pj + 3/s < 2 — Re Aj. This example shows that the inequality 
/3j + 3/s > 2 — Re Aj cannot be weakened. 

Now we show that the inequality 6k + 2/ s > 2 — fi). cannot be weakened. We assume for the sake of 
simplicity that the edge Mk is a part of the a;3-axis and that the adjacent faces Tk^ and Tk_ are plane. 
Let 6k + 2/ s < 2 — fik, and let Xk be an eigenvalue of the pencil Ak{X) with the real part Hk- Then we 
consider the functions 

u{x) = C,{x) r^'' p{x) = C(x) r^'-^^ 

where r, are the polar coordinates in the (xi, a:2)-plane, ($,^') is an eigenvector of the pencil Afc(A) 
corresponding to the eigenvalue Afc, and C, is a smooth cut-off hmction criual to one in a neighbor- 
hood of a certain point 2;^°^ G Mk and equal to zero near the other edges. Since the vector function 
r'^'' ($((/?), r~^\E'((^)) is a solution of the linear Stokes system with zero right-hand sides, it follows that 

-u/^u + (m • V) M + Vp G wl'-i{gf, V • M G wl'-i{g) 

if 6k + 2/s > 1 — ^k- However, u ^ W'^'l{Q)^ for 5k + 2/s < 2 — Hk- This means, the result of Theorem 
3.6 fails \l 1 — jik < 6k + 2/s < 2 — jik- 

Analogously, it can be shown that the inequalities for /3j and 6k in Theorems 3.5, 3.7 and 3.8 cannot 
be weakened. 

3.6 Examples 

Here, we establish some regularity results for weak solutions in the class of the nonweighted spaces W'''''{Q) 
and €'•''^{0). We assume that ^ is a polyhedron with faces Fj, j = 1, N, and edges Mk, k = 1, . . . ,m. 
The angle at the edge Mk is denoted by 9k- For the sake of simplicity, we restrict ourselves to the case 
g = and to homogeneous boundary conditions 

SjU = 0, Nj{u,p) = on Fj, j = 1, . . . , AT. (3.12) 

Analogous results are valid for inhomogcneous boundary conditions provided the boundary data satisiy 
certain compatibility conditions on the edges. Note that there arc the following equalities 

w^'%g) = Vo]'o{g) ifs<2, w^''{g) = w^;^{g) ifs<3. 

The Dirichlet problem. For arbitrary / G W~^''^{g)^, there exists a solution {u,p) G W^'^{g)^ x Z/2(^) 
of the Dirichlet problem 

-uAu+ {u-y)u + yp = f, -Vw = 0in5, u = on F^, j = 1, . . . , AT. 

(see e.g. [5, Th.IV.2.1]). This solution is unique for sufficiently small /. 

The regularity results established below are based on the following properties of the operator pencils 
2lj(A) (see [11] or [10, Ch.5]). 

• The strip — l/2<ReA<0is free of eigenvalues of the pencils 2lj(A). 



• If the cone ICj is contained in a half-space, then the strip —1/2 < Re A < 1 contains only the 
eigenvalue A = 1 of the pencil 2lj(A). This eigenvalue has only the eigenvector (0, 0, 0, c), c = const., 
and no generalized eigenvectors. 

• The eigenvalues of the pencil 2lj(A) in the strip —1/2 < Re A < 1 are real and monotonous with 
respect to the cone ICj. 

Moreover, the eigenvalues for a circular cone are solutions of a certain transcendental equation (see [11] 
or [10, Section 5.6]). 

The numbers /ife can be easily calculated. In the case 6k < it, we have /Xfe = w/6k- If Ok > tt, then Hk 
is the smallest positive solution of the equation 

sin(/i6'fc) + /isin6'fe = 0. (3.13) 

Note that Hk > 1/2 for every 9k < 2tt, jjLk > 2/3 if 6k < 3arccos| « 1.25 877r, /Xfe > 1 if ^fc < tt, and 
Mfe > 4/3 if Ok < Itt. Using these facts together with Theorems 3.5 and 3.6, we obtain the following 
assertions. 

• If / e {W^'"' {Q)*f , 2 < s < 3, s' = s/(s- 1), then {u,p) € W^'^iGf x L,{g). If the polyhedron 
is convex, then this assertion is true for all s > 2. 

• If / e W-'^'^gf n L,{g)^, 1< s< 4/3, then {u,p) G W^''{g)^ x W^''{g). if Ok < 3arccosi « 
1.25877r for fc = 1, . . . , m, then this result is true for 1 < s < 3/2. If g is convex, then this result 
is valid for 1 < s < 2. If, moreover, the angles at the edges are less than jtt, then the result holds 

even for 1 < s < 3. 

Furthermore, the following assertion is valid. 

• If 5 is convex, / e C~^''^{g), and a is sufficiently small (such that 1 + a < it /Ok and there are no 
eigenvalues of the pencils % in the strip 1 < Re A < 1 + (t), then {u,p) G C'^'''{gf x C°'''{g). 

We prove the last result. Let e be a positive number, e < 1 — a. Since C~^''^{g) C C~^'fQ{g), it 
follows from Theorem 3.8 that {u,p) G C^'^^Q^g) x C°^go(^) if f < /x^ — 1. In particular, we have 
u e Cl'^i^oig) C C^'^ig). This implies uju G C^'^igf. Since V • u = 0, it follows that (u • V)u = 
J2j (^xj{uju) G C~^''^{g)^. Thus, {u,p) satisfies the Stokes system 

-iyAu + Vp = f', -V-u = 0, 

where f = f - {u- V)u G C-'^-''{g) C Cgo^ig). Hence by [19, Th.4.3], the solution {u,p) admits the 
decomposition 

/ u{x) \ / \ / w{x) \ 
\ p{x) ) - \ ^(xC^)) ) + V q{x) ) 

in a neighborhood of the vertex x'^^\ where {w,q) G Cq'q (t/)^ x Cq'q (^/). This is true for every vertex 
x^^\ k = l,...,d. Consequently, {u,p) G C^'^igf x C°'<^(a). 

For special domains, it is possible to obtain precise regularity results. Let for example g have the form 
of steps as in the first two pictures below with angles 7r/2 or 37r/2 at every edge or the form of two beams, 
where one lies on the other as in the third picture. Note that the third polyhedron is not Lipschitz. 
The greatest edge angle is 37r/2, and we obtain min/z/c = 0.54448373.... Moreover for every vertex, there 



exists a circular cone with the same vertex and aperture 37r/2 which contains the polyhedron. The left 
polyhedron is even contained in a half-space bounded by a plane through an arbitrary of the vertices. 
Consequently, the smallest positive eigenvalue of the pencils 2tj (A) does not exceed the first eigenvalue 
for a circular cone with vertex 37r/2. A numerical calculation shows that this eigenvalue is greater than 
(3min/Xfe — l)/2. This means that for /3 = and 6 = 0, the condition (iii) in Theorems 3.5 and 3.6 is 
stronger than the condition (ii) in the same theorems. Thus, we obtain 

{u,p) e W^''{g)^ X Ls{g) life W-^''{g), s < 2/(1 - mmnk) = 4.3905..., 

iu,p) e W^^'iGf X W^^'iG) if / e L,{g), s < 2/(2 - mm^ik) = 1.3740.... 

Here the condition on s is sharp. 

We give some comments concerning the examples in the introduction (the flow outside a regular 
polyhedron G). By Theorem 3.6, the regularity result {u,p) € W^^'* x W^'^ in an arbitrary bounded 
subdomain of the complement of G holds if s < 2/{2 — Hk) and there are no eigenvalues of the pencils 
2tj(A) in the strip —1/2 < Re A < 2 — 3/s. Here, fik is the smallest positive solution of the equation (3.13), 
where ^fe = ^ is the edge angle in the exterior of G, sin 6 is equal to — if G is a regular tetrahedron 
or octahedron, —1 if G is a cube, — 1\/5 if G is a regular dodecahedron, and —2/3 if G is a regular 
icosahedron. The smallest positive solutions of (3.13) are = 0.52033360... for the regular tetrahedron, 
Atfe = 0.54448373... for a cube, Hk = 0.58489758... for the regular octahedron, i^k = 0.60487306... for the 
regular dodecahedron, and /xfe = 0.68835272... for the regular icosahedron. In the case of a regular tetra- 
hedron, cube, octahedron or dodecahedron, the inequality s < 2/(2 — /ife) implies 2 — 3/s < 3/ife/2— 1 < 0. 
Then the absence of eigenvalues of the pencil 2lj(A) in the strip —1/2 < Re A < 2 — 3/s follows from 
[10, Th.5.5.6]. The exterior of a regular icosahedron is contained in a right circular cone with aper- 
ture less than 255°. Numerical results for right circular cones together with the monotonicity of the 
eigenvalues of the pencils 2tj(A) in the interval [—1/2,1) show that also for this polyhedron, the strip 

— 1/2 < Rc A < 3/^fc/2— 1 is free of eigenvalues of the pencil 2lj(A). Thus, the above mentioned regularity 
result holds for all s < 2/(2 — /ifc). This inequality cannot be weakened. 

The Neumann problem for the Navier-Stokes system. We consider a weak solution u G W^''^{Q)^ x 
L2{g) of the Neumann problem 

-Au+{u-V)u + Vp = f, -Vu = Omg, -pn -h 2z/£„(u) = on r^, j = 1, . . . , TV. 

For this problem it is known that the strip — 1 < Re A < contains only the eigenvalues A = and A = 1 
of the operator pencils %(A) (see [10, Th.6.3.2]) if 5 is a Lipschitz polyhedron. The numbers /z^ are the 
same as for the Dirichlet problem. Therefore, the following assertions are valid. 

• If / e {W^'''{g)*f, s' = s/is - 1), 2 < s < 3, then {u,p) G W^'^iG)^ x Ls{g). 

• If / G (W^^'^ig)*)^ n L^{gf, l < s < 4/3, then {u,p) G W^^^ig)^ X W^^''{g).U the angles Ok are 
less than 3arccos^, then this result is true for 1 < s < 3/2. 

The mixed problem with Dirichlet and Neumann boundary conditions. We assume that on each face 
Tj either the Dirichlet condition u = or the Neumann condition ^ = is given. If on both adjoining 
faces of the edge Mk the same boundary conditions are given, then /j.^ > 1/2. If on one of the adjoining 
faces the Dirichlet condition and on the other face the Neumann condition is given, then /Xfe > 1/4. This 
implies the following result. 

• If / G {W^-^{g)* f n Ls{g f, 1 < s < 8/7, then every weak solution {u,p) belongs to W^'^'ig)^ x 

w'^^'^ig). 

The mixed problem with boundary conditions (i)-(iii). Let {u,p) G W^''^{g)^ x ^2(5) be a weak 
solution of the problem (1.2), (1.3), where 5 = 0, hj = 0, (pj = ior j = 1, . . . , N, and < 2 for all k 
(i.e., the Neumann condition does not appear in the boundary conditions). We assume that the Dirichlet 
condition is given on at least one of the adjoining faces of every edge. Then, by [10, Th.6.1.5], the strip 

— 1 < Re A < is free of eigenvalues of the pencils 2lj(A). Furthermore, we have iik > 1/2 ii the Dirichlet 
condition is given on both adjoining faces of the edge Mk. For the other indices k, we have i^k > 1/4 and 
Hk > 1/3 if Ok < Itt. 



• If / e {W^'''ig)*)\ 2 < s < 8/3, then {u,p) € W^^'{gf x L,,(e). Suppose that Ok < if the 
boundary condition (ii) or (iii) is given on one of the adjoining faces of the edge Mk- Then this 
result is even true for 2 < s < 3. 

• If / G {W^'^igyf n Ls(gf, l < s < 8/7, then {u,p) G W^-'igf x W^''(g). suppose that 
9k < 3arccos-| if the Dirichlct condition is given on both adjoining faces of M/., 0^ < | arccos-| 
if the boundary condition (ii) is given on one of the adjoining faces of M^, and 9}~ < jTT if the 
boundary condition (iii) is given on one of the adjoining faces of Mfe. Then the last result is true 
for 1< s < 3/2. 

Note that in the last case, we have /ij. > 2/3 for fc = 1, . . . , m. 

Finally, we assume that the homogeneous Dirichlet condition m = is given on the faces Fi, . . . , Fjv_i, 
while the homogeneous boundary condition (iii) is given on Fjv- Let / be the set of all fc such that 
Mk C Tn and /' = {1, . . . , m}\I. Wc suppose that the polyhedron g is convex and Ok < t^/^ for k E I. 
Then /Zfc > 1 for all fc, and the strip — 1/2 < ReA < 1 contains only the simple eigenvalue A = 1 of the 
pencils 2lj(A) (see [10, Th.6.2.7]). If Ok < §77 for fc G / and 6»fe < f tt for fc G /', then even /ik > 4/3. This 
implies the following result. 

• Let / G [W^^^igyf n Ls{g)^, l < s < 2. Then any weak solution belongs to W'^'''{g)^ x W'^'^g). 
If 9k < |7r for fc G / and 9k < jTi for kef, then the result holds even for 1 < s < 3. 

Furthermore analogously to the Dirichlct problem, the following assertion holds. 

• Let / G {W^'^{g)*)^ n C-^'^ig). Then for sufficiently small a, we have {u,p) G C^'^ig) x C^'^ig). 

4 Existence of weak solutions in W^-'^{Q) x Ls{Q), s < 2 

In Section 1 wc proved the existence of weak solutions of the boundary value problem in W^''^{g) x L2{g)- 
Using the regularity result of Theorem 3.5, we obtain also the existence of weak solutions in W^'^{g) x 
Ls{g) for sufficiently small s > 2. In this section, wc will prove that weak solutions exist also in the space 
VF^'*(5) X Ls{g) with s < 2 provided the norms of the right-hand sides of (1.4), (1.5) in the corresponding 
Sobolev spaces are sufficiently small. Throughout this section, we suppose that the Dirichlet condition 
is given on at least one of the adjoining faces of every edge Mk- 

4.1 Solvability of the linearized problem in a cone 

Let IC be the same polyhedral cone as in Section 2.1. We consider weak solutions {u,p) G V^'g{gy^ x 

V^'J{g) of the linear Stokes system in IC with boundary conditions (i)-(iv) on the faces Tj. This means 
that {u,p) satisfies the equations 

bK:{u,v) - I p\7 ■vdx = F{v) for all v G V:i«'_5(/C)^ Sjv\r, = 0, (4.1) 
-V-u = g in /C, Sju = hj onFj, j = 1, . . . , N. (4.2) 

Here b/c denotes the bihnear form (1.6), where g has to be replaced by /C. We define the space V^g'^lIC; S) 

as the set of all linear and continuous functionals on the space {v G V^^l_s{IC)^ : Sjv\r^ = 0}, where 
s' = s/{s — 1). Furthermore, the pencils Ak{\) for the edges Mk and 21(A) for the vertex of the cone fC 
are defined as in Section 3.1. If the Dirichlet condition (i) is given on at least one of the adjoining faces 
of the edge Mk, then A = is not an eigenvalue of the pencil ^fe(A). 

The following lemma is proved in [18] under the condition max(l — ReA^'^\o) < 6k + 2/s < 1. Using 
the sharper estimates of Green's matrix given in [17] for the case when A = is not an eigenvalue of the 
pencils Ak{X), this theorem can be proved in the same way if 

1 - Re A^'^^ < ^fe + 2/s < 1 + Re A^''^ (4.3) 



forfc = l,...,iV. 



Lemma 4.1 Suppose that F e V^y{K;S), g € V°^g{K:), hj e V^~^^''' (Tj), there are no eigenvalues of 
the pencil 21(A) on the line ReA = 1 — /3j — 3/s, and the components of 6 satisfy the inequalities (4.3). 
Then there exists a unique solution {u,p) € V^'g{lC)^ x V^'g{IC) of problem (4.1), (4.2). 

Moreover, the following regularity results hold analogously to [18, Le.4.4 and Th.4.4]. 

Lemma 4.2 1) Suppose that in addition to the assumptions of Lemma 4.1, we have F € Vg7^^',*(/C; 5*), 

g G Vl^;^g,{JC), hj e vl^rj/''-\Vj), where 1 - ReA^''^ < 5'^,+2/t <l + RcA^''^ for k = 1, . . . , N and (3' is 
such that there are no eigenvalues of the pencil %{\) in the closed strip between the lines RoA = 1 — /? — 3/s 
and ReA = 1 - /3' - 3/t. Then the solution {u,p) e VpJ{K.f x VplliK.) belongs to Vl/j^,{}Cf x Vp;*g,{JC). 

2) Suppose that in addition to the assumptions of Lemma 4.1, g € V^/*^,(/C), hj G V^, ^J*^'*^{^j), and 
the functional F has the form 




with vector function f G V^,'*g,{]C), $j e V^'^s' where /3' is such that there are no eigenvalues of 

the pencil 21(A) in the closed, strip between the lines RcA = 1 — /? — 3/s and, RcA = 2 — /?' — 3/t, and 
the components of 6' satisfy the inequalities 2 — Re A^*^'' < S'f. + 2/t < 2 + ReA^'^''. Then the solution 
iu,p) e V^]:silCr X y;;;(/C)' belongs to Vp',,{lCf x VP',,{1C). 

4.2 Solvability of the linearized problem in Q 

We consider the operator 

ykl^Qf X V'^lliQ) 9 Kp) - e V^^J'^(a;5) X l/^°;;(a) x ^vl,"^'\T^) (4.4) 

of problem (1.9), (1.10) and denote this operator by As,f),5- Here again V^l'^{Q;S) is defined as the 

dual space of {v G K^J-J _<5(^)^ '■ S,jv\Y-- = 0}. Wc show that this operator is Frcdholm if there arc no 
eigenvalues of the pencil 2tj(A) on the line ReA = 1 — /3j — 3/s, j = I, . . . ,d, and the components of 6 
satisfy the inequalities 

1- inf ReAi(n < Jfe + 2/s < 1+ inf ReAi(n (4.5) 

for A; = 1, . . . , m. For this end, we construct a left and right regularizer for the operator As,0,s- 

Lemma 4.3 LetU be a sufficiently small open subset ofQ and let ip be a smooth function with support in 
U. Suppose that there are no eigenvalues of the pencil 2lj (A) on the line ReA = 1 — /3j — 3/s, j = 1, . . . , rf, 
and the components of 5 satisfy (4.5). Then there exists an operator TZ continuously mapping the space 

of all (F, 5, h) G V^y{g; S) x V^'1{1C) x Y{. V^'^^'^'^Tj) with support in U onto V^'l{gf x V^lHQ) such 
that (fiAs,i3,sT^{F, g,h) = ip{F,g,h) for all {F,g,h) with support inU and TZAs,/3,s{u,p) = {u,p) for all 
{u,p) with support inU. 

Proof. Suppose first that U contains the vertex .x*^^^ of Q. Then there exists a diffcomorphism k 
mapping U onto a subset V of a polyhedral cone /C with vertex at the origin such that k{x'^^'>) = and 
the Jacobian matrix k' coincides with the identity matrix / at x^^^ . We assume that the supports of u 
and p are contained in U. Then the coordinate change y = k{x) transforms (1.9), (1.10) into 

b{u, v)- I pm |det dy = F{v) for all v G V(3^;/(/C)^ Sjv = on r°, (4.6) 

-Vii = g in /C, SjU = hj on r°, (4.7) 

where u = uo k~^, F{v) = F{v o k), Tj are the faces of /C, P is a first order differential operator of the 
form 

m = {D{y)Vy) ■ u, 



and 6 is a bilinear form having the representation 

3 



b{u,v)=2i' / B^j{y)dy.u- dy-vdy. 



Here D{y) and Bij{y) are quadratic matrices such that -D(O) = I and 

3 3 

Let ( be an infinitely diffcrcntiable cut-off function on [O.oo) equal to 1 in [0, 1) and to zero in (2,oo). 
For arbitrary positive e, we define Ce(2/) = C(l2/|/£)i Moreover, we put Co = and rj^ = 1 — for e > 0. 
We consider the operator 

V^'Jil^f X y^'Jil^) 9 - iFr9,h) e V^-}'^{IC;S) x V^'J{)C) x l[v^;,'^^'\rj) (4.8) 

j 

defined by 

be{u, v)~ I p {Ce i>v |det r]e Vy ■ v) dy = F{v) for all v e V^f^ (/C)^ SjV = on r°, 

-{CeD{y)'Vy + rieVy) ■u = g in /C, SjU = hj on r°, 

where 

3 

be{u, v) = 2u Y {CeBi,j{y) + ?7e-Bi,j(0)) dy,u ■ dy^vdy. 
i,j=i 

We denote the operator (4.8) by Ae- According to Lemma 4.1, the operator is an isomorhism. Since 
the norm of — Ae is small for small e, the operator Ae is an isomorphism if e < eo and eo is sufficiently 
small. We may assume that Ce = 1 on V for e = cq. Then problem (4.6), (4.7) can be written as 
Aeo{u,p) = {F,g, h) if the supports of u and p are contained in V. Let 

u{x) = u{k{x)), p{x) = p{k{x)) iorxGU, wheie {u,p) = A~g^ {F,g,h). (4.9) 

Outside U, let {u,p) be continuously extended to a vector function from Vi^'g{G)^ x Vp'g{G). The so 
defined mapping {F,g, h) {u,p) is denoted by TZ and has the desired properties. 

Suppose now that U contains an edge point ^ € Mi but no points of other edges and no vertices of 
Q. Then again there exists a diffeomorphism mapping U onto a subset of a cone /C. We assume that the 
point k{^) lies on the edge of /C and coincides with the origin (in contrast to the first part of the 
proof, the vertex of the cone is not the origin). Let Ae be the same operator as above. Then there exist 
a number /3o and a tuple S', S[ = Si, such that and for sufficiently small e also Ae are isomorphisms 

3 

Since U does not contain points of the edges M^, fc 7^ 1, the vector function (4.9) can be continuously 
extended to a vector function from V^'^{Q)^ x V^'^{Q). The so defined mapping (F, g, h) {u,p) defines 
the desired operator TZ. Analogously, the lemma can be proved for the case when U contains no edge 
points of 5. □ 

Remark 4.1 Suppose that 

2- inf ReXii^) < Si + 2/t <2+ inf ReAi(n for = 1, . . . , m 



and there are no eigenvalues of the pencil 2tj(A) in the closed strip between the lines ReA = 1 — /3j — 3/s 
and ReA = 2-/3^ — 3/t. Then it follows from Lemma 4.2 that the operator TZ constructed in the proof 
of Lemma 4.3 continuously maps the subspace of all {F,g, h), where 

and the functional F e Vg~^'*(5; S) has the form 

F{v) = / / • w + V / ^j-vdx with vector functions / e Vp\, {Of, G Vgrg/*'\rjf, 

Lemma 4.4 Suppose that there are no eigenvalues of the pencil 2tj(A) on the line ReA = 1 — /3j — 3/s, 
j = 1, . . . ,d, and the components of 6 satisfy (4.5). Then there exists a continuous operator 

■■ vi^l\g;S) X v^;!{ic) x [] <^'^^''(r,) - v^;!{gr X V^;^{g) 

j 

such that TZAsjj,s — I and AsjijTi- — I are compact operators in V^'g{g)^ x V^'g{g) and V^j^'*(t/; 5) x 
V;^:^{g)xU,V^;g'^'''{T,), respectzvely. 

Proof. For the sake of brevity, we write A instead of ^s,/3,<5- Let {Uj} be a sufficiently fine open 
covering of g, and let (fj, ipj be infinitely differentiable functions such that 

supptpj C supp V'j C Uj, ipj ipj = ipj, and (pj = 1. 

j 

For every j, there exists an operator TZj having the properties of Lemma A.2 iovU = Ujf\g. We consider 
the operator TZ defined by 

n{F,g,h) = Y,^jT^3i'j{F,9^h). 
j 

Obviously, 

nA{u,p) = ^ LpjUj {Aipj{u,p) - [A, Ipj] {u,p)) = {u,p) - ^ Lpj Uj [A, V'j] {u,p), 
j j 

where [-4, V'j] is the commutator of A and Vj- Here, the mapping — » [-4, V'j] {u,p) is continuous 
from V^fg{gf X V^'l{g) into the set of all {F,g, h), where g e V^;^y{g), h = 0, and F is a functional of 
the form 

F{v) = [ f-vdx + y2 [ ^j-vdx, where / e V^;'g,{gf, e V^rs/''\Tjf, 

with arbitrary /?' > f3, 5' > 5. We can choose /?' and S' such that Pj < /3j < f3j + 1 for j = 1, . . . ,d, 
Sk < ^fc < <5fe + 1 for k = 1, . . . , TO, and /?', (5' satisfy the conditions of Remark 4.1 with t = s. Then 
the mapping {u,p) Uj [^, Vj] is continuous from Vg^'K^?)^ x V^'l{g) into VgV^,(^?)3 x Vp''g,{g). 

Since the last space is compactly imbedded into V^'gigf x V^'J{g) for < Pj + 1, (5^ < 4 + 1 (cf. [9, 
Le.6.2.1]), it follows that KA — 7 is compact. Analogously, the compactness of ATZ — I holds. □ 

From Lemma 4.4 it follows that the operator As,i3,s is Frcdholm under the conditions of this lemma. 
Using Theorem 1.1 and Lemma 4.2, we can prove the following theorem on the existence of unique 
solutions. 



Theorem 4.1 Let F e V^^^'^i^'^)' 9 ^ ^ff^si^), and hj e V^/^''" (Tjf-'^^ . We suppose that the 
components of 6 satisfy condition (4.3) and that there are no eigenvalues of the pencils 2lj(A) in the 
closed strip between the lines ReA = —1/2 and Re A = 1 — /3 — 3/s. In the case when dj G {0,2} for 
all j , we assume in addition that g and hj satisfy condition (1.11). Then there exists a solution {u,p) S 

V^'^{QY X y^''^(^) of problem (1.9), (1.10). (Here V has to be replaced by the set of all v G V^'^ _^{Q) 
satisfying SjV = on Tj.) The vector function u is unique, p is unique if dj ^ {0,2} for at least one j, 
p is unique up to a constant if dj G {0, 2} for all j. 

Proof. First note that in the case when dj E {0,2} for all j, the spectra both of 2lj(A) and 
Afc(A) contain the eigenvalue A = 1. An eigenvector corresponding to this eigenvalue is {U,P) = (0, 1). 
Furthermore, the spectra of the pencils 2lj(A) contain the eigenvalue A = —2. Therefore from the 
conditions of the lemma on /3 and 6 it follows in particular that < /3j + 3/s < 3 and < (5^ + 2/s < 2. 
Then Lcc{G) C Vp"g{G) C Li{Q). In particular, any constant belongs to the space V°;^{g), and the 
integrals in (1.11) exist for g e V^'JiG), hj G V^^;^^^''" (Tj)^''^^ . 

We prove the uniqueness of u and p. Let (m,p) G V^'g{g)^ x V^'J'(5) be a solution of problem (1.9), 
(1.10) with F ^0, g = 0, hj = 0. Then according to Lemma 4.2, we have u G Vg ^QiGf C W^^'^iGf and 
p € L2{G)- From Theorem 1.1 it follows that u = and p is constant, p = ii dj € {1, 3} for at least one 
3- 

We prove the existence of solutions for the case when dj G {0, 2} for all j. Due to Lemma 4.4 and the 
uniqueness of the solution, every solution {u,p) G V^'JiGf X V^'J{G) of problem (1.9), (1.10), Jgpdx = 1, 
satisfies the inequality 

i 

with a constant c independent of u and p. Let F G Vpg"'^{G; S), g G (^?) and hj G V^'g^^'''''' (Tj)'^^'^-' 

satisfying (1.11) be given. Then there exist sequences {F^")} C V*nVf^^l''' [G] S), {£?(")} C L2{G)nV^'s (G) 

and {h'f^} C W^/'^''^{Tjf-'^^nV^^^^^''{Tjf-'^i converging to F, g, and hj, respectively. From (1.11) it 
follows that the sequences of the numbers 

converges to zero. Therefore, the sequence of the functions 5^"^ = 5^"^ — |^ a„ converges also to g. 

Moreover, g^"'^ and /i^"^ satisfy condition (1.11). By Theorem 1.1, there exist solutions (u^^^p^"^) G 

W'^''^{Gf X L2{G) of problem (1.9), (1.10) with right-hand sides ^t") and h'f\ Jgp'^'^^dx = 0. 

From Lemma 4.2 and from the imbedding W^'^{G) C V"q (G) with arbitrary positive e it follows that 

(u("),p(")) G Vp'JiGf X V^^^{G). Due to (4.10), the vector functions («<"), p(")) form a Cauchy sequence 

in V^"g{G)^ X Vl^'^{G)- The limit of this sequence solves problem (1.9), (1.10). The proof of the existence 
of solutions in the case when dj G {1,3} for at least one j proceeds analogously. □ 

4.3 Solvability of the nonlinear problem 

We consider the nonlinear problem (1.2), (1.3). For the proof of the existence of solutions in V^'J'(^)'^ x 
V^'g{G), we have to have to show inequalities analogous to (1.13), (1.14) for the operator 

V/^'JiOf Bu^Qu={u-W)ue Vf^l^G; S). 

Lemma 4.5 Suppose that s>3/2, /3j+3/s<2 for j = 1, . . . ,N, and 5fe + 3/s < 2 for k = 1, . . . , m. 

Then 

for all u,v e V^^giG), j = 1, 2, 3. 



Proof. Let t be a real number such that 

3 3 3 

t>3,t>s, and --l<-<3--. 

s t s 

For example, we can put t — max(s, 3). Then according to Lemma 2.6, the space V^'g{G) is continuously 

imbedded into Vg^;*^, (G), where pr^f3-l + Ss'^ - St'^, ,5; = 4 - 1 + Ss''^ - 3*"^ Let q'^ = s''^ + 1''^. 
Prom the conditions on t it follows that q> 1. By Holders's inequality, we have 

for arbitrary u,v € V^'si^)- Using the continuity of the imbedding V^^^, g_^g,{Q) C V^g'^{Q) which 
follows from Corollary 2.2, we obtain the desired inequality. □ 

As a consequence of Lemma 4.5, the following inequalities hold for arbitrary u,v € V^'J{Q)^: 

\\Qu-Qv\\v-l-{g:S) < c(|k|lv^i.|(g)3 + Mly;.|(g)3) ll« " ^lly;-(a))3 • (4-12) 

Using these estimates, the following theorem can be proved analogously to Theorem 1.2. 

Theorem 4.2 Let the conditions of Theorem, 4.1 on F, g hj, (3 and S be satisfied. In addition, we assume 
that s > 3/2, /3j + 3/s <2, Sk + 3/s < 2 and that 



is sufficiently small. Then there exists a solution {u,p) € V^'^(t/) x V^'g{G) of problem (1.4), (1.5), 

where V has to be replaced by the set of all v e V^'^_g{Q)^ such that Sjv = on Tj, j = 1, . . . ,N . The 
function u is unique on the set of all functions with norm less than a certain positive e, p is unique if 
dj e {1,3} for at least one j, otherwise p is unique up to a constant. 

P r o o f. Let {u^°\p^°^) e V^'JiQ)^ x V^'JiG). By Theorem 4.1, the norm of can be assumed to 
be small. Obviously, (u,p) is a solution of problem (1.4), (1.5) if and only if {w, q) = {u — u^°\p — p^°^) 
is a solution of the problem 

b{w, v)- j qV ■vdx = - J Q{w + u^^^) • v dx for allvGvG V^'^'_g{gf, Sjv\r^ = 0, 
V • w = in 5, SjU = on Tj, j = 1,...,N. 

This problem can be written as 

iw,q) = -AQ{w + u^°^) 

where A is the inverse to the operator F — > As,0,s{F, 0, 0) considered in the preceding subsection. Due to 

(4.12), the operator (w.q) —AQ{w + u^^'') is contractive on the set of all (w.q) G V^j 'J'(^)'' x V,j'^{g) 
with norm < £ if e and the norm of m*-"' are sufficiently small. Hence this operator has a fixed point. 
This proves the theorem. □ 

Finally, we give a result in nonweighted Sobolev spaces which follows immediately from the last 
theorem. 

Let Q be a polyhedron. We assume that on every face Tj, one of the boundary conditions (i)-(iii) is 
given, that the Dirichlet condition is given on at least one of the adjoining faces of every edge Mk, 



and that 9k < 3n/2 if the boundary conditions (ii) or (iii) are given on one of the adjoining faces of 
Mk . Here, 9k denotes again the angle at the edge Mk ■ Then the problem 

b{u,v)+ I y^Uj-p--vdx- [ pV ■vdx = F{v) for all v G W'^'^' {Qf , SjV = Oonrj, 

—V • u = in Q, SjU = onTj, j — 1, . . . ,N, 

with F e W-^'%g;S), 3/2 < s < 3, has a solution {u,p) € W^'^igf x Ls{g) if the norm of F is 
sufficiently small. 

For the proof it suffices to note that the strip — 1 < Re A < does not contain eigenvalues of the pencils 
2tj(A) and that Re A^*^' > 1/3 for fc = 1, . . . , m. Therefore, the conditions of Theorem 4.2 are satisfied for 
/? = 0, (5 = 0, 3/2 < s < 3. 
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